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STATISTICAL QUALITY CONTROL 
Statistical Basis of the Control Chart 



3 Introduction to Statistical Quality Control, 7th Edition by Douglas C. Montgomery. 
Copyright (c) 2012  John Wiley & Sons, Inc. 

•  A process is operating with only chance causes of variation present is said to 
be in statistical control. 
•  A process that is operating in the presence of assignable causes is said to be 
out of control. 

Chance and Assignable Causes of Variation 
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• A control chart contains 
– A center line 
– An upper control limit 
– A lower control limit 

• A point that plots within the 
control limits indicates the 
process is in control 

– No action is necessary 
• A point that plots outside the 

control limits is evidence that the 
process is out of control 

– Investigation and corrective 
action are required to find and 
eliminate assignable cause(s) 

• There is a close connection 
between control charts and 
hypothesis testing 

Statistical Basis of the Control Chart 



Shewhart Control Chart Model 



Shewhart Control Chart Model 



Shewhart Control Chart Model 
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How the Shewhart Control Chart Works 
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Reasons for Popularity 
of Control Charts 

1. Control charts are a proven technique for improving 
productivity. 

2. Control charts are effective in defect prevention. 
3. Control charts prevent unnecessary process 

adjustment. 
4. Control charts provide diagnostic information. 
5. Control charts provide information about process 

capability. 
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Phase I and Phase II of Control Chart Application 

• Phase I is a retrospective analysis of process 
data to construct trial control limits 
– Charts are effective at detecting large, sustained 

shifts in process parameters, outliers, measurement 
errors, data entry errors, etc. 

– Facilitates identification and removal of assignable 
causes 

• In phase II, the control chart is used to monitor 
the process 
– Process is assumed to be reasonably stable 
– Emphasis is on process monitoring, not on bringing 

an unruly process into control 



STATISTICAL QUALITY CONTROL 
Control Chart for Variables 



Constructing X bar Control Chart 
• Data: 

 

 

 

 

 

 Phase II Construction --- Everything is assumed known 

 

 

Sample 1 Sample 2 Sample 3 Sample 4 …. Sample t 

X11 X21 X31 X41 … Xt1 

X12 X22 X32 X42 … Xt2 

. . . . . . 

X1n X2n X3n X4n … Xtn 

Phase ΙΙ 



Estimating Parameters 

 

 

 

 

• Unbiased estimator of mean 

 

 

 

• with                    and                          . 

 

• S2 is an unbiased estimator of the population variable                    . 

 

 

Phase Ι 



Estimating Parameters 

• On the opposide side S is not an unbiased estimator of σ.  

 

• Ισχύει ότι,                          with  

 

 

• Thus, we may estimate σ with 

 

 

 

• Moreover, 

 

Phase Ι 



Estimating Parameters 

• Another estimator is based on R. 

 

• It is known that 

 

 

 with  

 

• Moreover 

 

Phase Ι 



Estimating Parameters 

• So, we have  

Phase Ι 



Constructing X bar 
• Data: 

 

 

 

 

  

• Thus, we have 

 

Sample 1 Sample 2 Sample 3 Sample 4 …. Sample m 

X11 X21 X31 X41 … Xm1 

X12 X22 X32 X42 … Xm2 

. . . . . . 

X1n X2n X3n X4n … Xmn 

Φάση Ι 



Table for d2,d3,c4… 



An example 
Sample 1st obs 2nd obs 3rd obs 4th obs 5th obs 

1 987,50 987,10 985,00 989,00 987,20 
2 987,80 990,10 990,80 989,20 990,50 
3 994,60 989,90 988,80 990,20 990,60 
4 991,30 985,30 984,50 990,90 989,20 
5 988,80 988,80 990,90 990,50 988,70 
6 993,10 985,10 987,30 991,90 989,70 
7 987,90 991,90 985,60 988,40 991,00 
8 990,40 989,80 993,40 991,40 993,70 
9 992,80 987,10 991,20 986,00 987,30 
10 995,80 991,50 987,10 991,90 988,20 
11 991,70 987,50 991,50 987,30 991,60 
12 989,20 992,70 990,00 990,10 993,20 
13 990,60 992,20 985,80 993,60 986,20 
14 995,10 993,60 982,50 987,40 987,10 
15 989,40 995,90 987,80 990,70 986,40 
16 986,10 991,30 991,50 991,40 985,50 
17 993,20 990,20 990,00 986,70 988,20 
18 991,50 989,60 988,80 985,30 991,00 
19 991,00 990,90 990,00 988,00 995,80 
20 985,60 990,60 987,10 988,30 987,10 
21 992,60 996,80 994,30 986,20 986,30 
22 988,80 995,20 988,00 991,10 986,90 
23 990,30 986,40 987,00 985,80 990,20 
24 993,80 987,60 989,20 987,90 989,80 
25 992,00 992,60 984,30 988,20 988,40 
26 993,60 992,70 988,30 988,30 994,60 
27 990,50 989,40 995,60 989,90 990,50 
28 987,20 989,50 987,50 990,30 987,10 
29 986,10 984,80 991,20 982,60 986,70 
30 994,00 986,20 990,20 987,50 990,90 

 
m=30 Samples of size n=5 
 



An example 



An example 
Sample 1st obs 2nd obs 3rd obs 4th obs 5th obs Sample Mean Sample SD Sample Range 

1 987,50 987,10 985,00 989,00 987,20 987,160 1,429 4,000 
2 987,80 990,10 990,80 989,20 990,50 989,680 1,211 3,000 
3 994,60 989,90 988,80 990,20 990,60 990,820 2,216 5,800 
4 991,30 985,30 984,50 990,90 989,20 988,240 3,162 6,800 
5 988,80 988,80 990,90 990,50 988,70 989,540 1,069 2,200 
6 993,10 985,10 987,30 991,90 989,70 989,420 3,276 8,000 
7 987,90 991,90 985,60 988,40 991,00 988,960 2,526 6,300 
8 990,40 989,80 993,40 991,40 993,70 991,740 1,752 3,900 
9 992,80 987,10 991,20 986,00 987,30 988,880 2,946 6,800 
10 995,80 991,50 987,10 991,90 988,20 990,900 3,431 8,700 
11 991,70 987,50 991,50 987,30 991,60 989,920 2,303 4,400 
12 989,20 992,70 990,00 990,10 993,20 991,040 1,787 4,000 
13 990,60 992,20 985,80 993,60 986,20 989,680 3,526 7,800 
14 995,10 993,60 982,50 987,40 987,10 989,140 5,165 12,600 
15 989,40 995,90 987,80 990,70 986,40 990,040 3,656 9,500 
16 986,10 991,30 991,50 991,40 985,50 989,160 3,075 6,000 
17 993,20 990,20 990,00 986,70 988,20 989,660 2,441 6,500 
18 991,50 989,60 988,80 985,30 991,00 989,240 2,452 6,200 
19 991,00 990,90 990,00 988,00 995,80 991,140 2,870 7,800 
20 985,60 990,60 987,10 988,30 987,10 987,740 1,864 5,000 
21 992,60 996,80 994,30 986,20 986,30 991,240 4,794 10,600 
22 988,80 995,20 988,00 991,10 986,90 990,000 3,290 8,300 
23 990,30 986,40 987,00 985,80 990,20 987,940 2,151 4,500 
24 993,80 987,60 989,20 987,90 989,80 989,660 2,486 6,200 
25 992,00 992,60 984,30 988,20 988,40 989,100 3,354 8,300 
26 993,60 992,70 988,30 988,30 994,60 991,500 2,997 6,300 
27 990,50 989,40 995,60 989,90 990,50 991,180 2,513 6,200 
28 987,20 989,50 987,50 990,30 987,10 988,320 1,477 3,200 
29 986,10 984,80 991,20 982,60 986,70 986,280 3,168 8,600 
30 994,00 986,20 990,20 987,50 990,90 989,760 3,052 7,800 

Υπολογίζω το 
δειγματικό μέσο 
(sample mean), 
τη δειγματική 
τυπική απόκλιση 
(sample SD) και 
το δειγματικό 
εύρος (sample 
range) για κάθε 
Sample! 



An example / Minitab 



Constructing R - Chart 
• Data: 

 

 

 

 

  

• The limits are 

 

Sample 1 Sample 2 Sample 3 Sample 4 …. Sample m 

X11 X21 X31 X41 … Xm1 

X12 X22 X32 X42 … Xm2 

. . . . . . 

X1n X2n X3n X4n … Xmn 

Phase Ι 



Constructing S 
• Data 

 

 

 

 

  

• Thus 

 

Sample 1 Sample 2 Sample 3 Sample 4 …. Sample m 

X11 X21 X31 X41 … Xm1 

X12 X22 X32 X42 … Xm2 

. . . . . . 

X1n X2n X3n X4n … Xmn 

Φάση Ι 



An example 



An Example Minitab 

? 



An Example Minitab 



An Example Minitab 



Constructing R Chart 
• Data: 

 

 

 

 

  

• Thus, 

 

Sample 1 Sample 2 Sample 3 Sample 4 …. Sample t 

X11 X21 X31 X41 … Xt1 

X12 X22 X32 X42 … Xt2 

. . . . . . 

X1n X2n X3n X4n … Xtn 

Phase ΙI 



Constructing S Chart 
• Data 

 

 

 

 

  

• Thus, 

 

Sample 1 Sample 2 Sample 3 Sample 4 …. Sample t 

X11 X21 X31 X41 … Xt1 

X12 X22 X32 X42 … Xt2 

. . . . . . 

X1n X2n X3n X4n … Xtn 

Phase ΙI 



STATISTICAL QUALITY CONTROL 
Control Charts for individual observations 



Control Charts for individual observations 

Phase ΙΙ 
X1, X2, … with  

 

Then the control limits will be 

 

 

 

 

 

Observation / 
sample 1 

Observation / 
sample  2 

Observation / 
sample  3 

Observation / 
sample  4 

…. Observation / 
sample  t 

X1 X2 X3 X4 … Xt 



Φάση Ι 

X1, X2, …,  Xm, with unknown parameters  
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For monitoring variability 

Obs 1 Obs 2 Obs 3 Obs 4 …. Obs m 

X1 X2 X3 X4 … Xt 



I-MR  
(MINITAB) 

 

 

 

 

 

 

 

Data: 310, 288, 297, 298, 307, 303, 294, 297, 308, 306, 294, 299, 
297, 299, 314, 295, 293, 306, 301, 304 
Στο ΜΙΝΙΤΑΒ: Stat / Control Charts / Variables Charts for Individuals / I-MR, Variables: 
Cost, I-MR Options / Estimate / Average moving range 

300.5, 7.79X MR= =



STATISTICAL QUALITY CONTROL 
Examples 
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Example 6.1 The Hard Bake Process 
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Control vs. Specification Limits 
• Control limits are derived 

from natural process 
variability, or the natural 
tolerance limits of a process 
 

• Specification limits are 
determined externally, for 
example by customers or 
designers 
 

• There is no mathematical or 
statistical relationship 
between the control limits 
and the specification limits 
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6.2.4 Interpretation of Control Charts 
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STATISTICAL QUALITY CONTROL 
Control Charts for Attributes 



Control Charts for Attributes 

 For variables that are categorical 
Good/bad, yes/no, 

acceptable/unacceptable 

 Measurement is typically counting 
defectives 

 Charts may measure 
Percent defective (p-chart) 
Number of defects (c-chart) 



Control Limits for p-Charts 

Population will be a binomial distribution, but 
applying the Central Limit Theorem allows us 

to assume a normal distribution for the sample 
statistics 

UCLp = p + zσp ̂ 

LCLp = p - zσp ̂ 

where p = mean fraction defective in the sample 
 z = number of standard deviations 
 σp = standard deviation of the sampling distribution 
 n = sample size 

^ 

p(1 - p) 
n σp = ^ 

Presenter
Presentation Notes
Instructors may wish to point out the calculation of the standard deviation reflects the binomial distribution of the population



p-Chart for Data Entry 
 Sample Number Fraction Sample Number Fraction 
 Number of Errors Defective Number of Errors Defective 

 1 6 .06 11 6 .06 
 2 5 .05 12 1 .01 
 3 0 .00 13 8 .08 
 4 1 .01 14 7 .07 
 5 4 .04 15 5 .05 
 6 2 .02 16 4 .04 
 7 5 .05 17 11 .11 
 8 3 .03 18 3 .03 
 9 3 .03 19 0 .00 
 10 2 .02 20 4 .04 
     Total = 80 

(.04)(1 - .04) 
100 

σp =                        = .02 ^ 
p =               = .04 80 

(100)(20) 
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p-Chart for Data Entry 
UCLp = p + zσp = .04 + 3(.02) = .10 ^ 

LCLp = p - zσp = .04 - 3(.02) = 0 ^ 

UCLp = 0.10 

LCLp = 0.00 

p =  0.04 
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UCLp = p + zσp = .04 + 3(.02) = .10 ^ 

LCLp = p - zσp = .04 - 3(.02) = 0 ^ 

UCLp = 0.10 

LCLp = 0.00 

p =  0.04 

p-Chart for Data Entry 

Possible 
assignable 

causes 
present 

Presenter
Presentation Notes
There is always a focus on finding and eliminating problems. But control charts find any process changed, good or bad. The clever company will be looking at Operator 3 and 19 as they reported no errors during this period. The company should find out why (find the assignable cause) and see if there are skills or processes that can be applied to the other operators.



Control Limits for c-Charts 

Population will be a Poisson distribution, but 
applying the Central Limit Theorem allows us 

to assume a normal distribution for the sample 
statistics 

where c = mean number defective in the sample 

UCLc = c + 3  c LCLc = c - 3  c 

Presenter
Presentation Notes
Instructors may wish to point out the calculation of the standard deviation reflects the Poisson distribution of the population where the standard deviation equals the square root of the mean



c-Chart for Cab Company 
c = 54 complaints/9 days = 6 complaints/day 

| 
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0  – 

UCLc = c + 3  c 
 = 6 + 3   6 
 = 13.35 

LCLc = c - 3  c 
 = 6 - 3   6 
 = 0 

UCLc = 13.35 

LCLc = 0 

c =  6 
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